We employ localization technique to derive N 2 entropy scaling of four dimensional N = 4 SYM theory.
Introduction
Localization technique [1] has been proven very powerful in current studies of supersymmetric gauge theories [2] [3] . It has been used recently in [4] and [5] to derive the N 3/2 and N 3 scalings of M2 and M5 branes respectively. This technique can bring a convenient redistribution of degrees of freedom over the various parts of the path integral when it comes to evaluating a partition function. This redistribution occurs via the choice of the localizing lagrangian and susy parameters.
It has long been known that the near-extremal D3 brane supergravity solution has a Bekenstein-Hawking entropy that scales as N 2 [6] . Because of this, there was wide anticipation that it should be possible to observe the same scaling behavior from the SYM side. Although the N 2 behavior has been demonstrated using a free gas model [7] , the same has not been achieved in the context of 4D SYM with interactions taken into account. (See [8] and [9] for related discussions.)
There were basically two reasons why the N 2 scaling could not be established so far in the full (i.e., interacting) N = 4 SYM theory context. Firstly, it takes a nonpertubative technique, and one such technique has only been developed recently [2] .
Secondly, the bosonic contribution and fermionic contribution would cancel because of susy, leading to a behavior that is subleading to N 2 (presumably a ln N type behavior).
The work of [2] has provided a framework of localization in which these issues can be tackled. In this work, we show that there exists a particular localization procedure that induces a susy breaking effect, thereby, leading to the expected N 2 entropy behavior.
Once the susy is broken, it is obvious that the N 2 scaling is rather generic (although the numerical part of the coefficient is regularization-dependent).
We consider N = 4 SYM in a four dimensional flat space and employ localization technique to compute the "entropy". (Our method should be applicable to other cases.)
The aforementioned redistribution of the degrees of freedom reduces the amount of supersymmetry in effect. More specifically, the manner in which localization technique is applied hereby introduces a supersymmetry breaking effect (we will have more on this later), and this is crucial for our derivation of N 2 scaling of entropy. The numerical coefficient depends on the regularization method as discussed below.
In the N = 1 description of N = 4 SYM (see, e.g., [10] [11] for a review of supersymmetric gauge theories), there are three N = 1 chiral multiplets, (φ, ψ,
and one N = 1 vector multiplet, (A µ , λ, D). One of the three chiral multiplets -which we take to be (φ ′ , ψ ′ , F ′ ) -belongs to the N = 2 gauge multiplet and the other two belong to the N = 2 hypermultiplet. All three chiral multiplets are in the adjoint representation, on an equal footing in terms of the N = 1 description.
Even though localization technique 1 greatly simplifies the evaluation of partition functions in general, an explicit evaluation typically requires non-trivial computations.
This is especially true when the computation involves instanton contributions; after introducing localization terms in the action and finding an extremum configuration, one expands the localizing action around the extremum configuration. The resulting expression is quadratic in the fluctuation fields but the computation is still not simple since the coefficients now involve the instanton configuration; the evaluation would require the use of index theorem. We show below that there is a localization procedure that requires minimal use of this theorem. (Moreover, the necessary use of index theorem is one that has already been known, as we will point out.) For this, we start with the observation that not all the formulations of N = 4 SYM are equally effective in evaluating the partition function: a formulation in which the susy transformations of the N = 1 chiral multiplets do not involve the fields in the N = 1 vector multiplet is much more effective.
Our strategy is as follows. We employ the N = 4 SYM formulation in which each N = 1 chiral multiplet transforms within itself (the N = 1 vector multiplet also transforms within itself), as discussed in several textbooks. To be specific, we follow the notations and conventions of [11] . We take one of the chiral multiplets in the N = 2 hyper multiplet for an illustration of the localization of the chiral multiplets.
1 One subtle issue in the enterprise of computing partitions functions is associated with Higgs vevs vs instanton moduli. When one considers the path integral one must not integrate over the Higgs vevs since they are physical "observables", whereas one integrates over the instanton moduli. If one's goal is to compute the entropy, the Higgs vevs should not be integrated over.
As a result of the localization of the three chiral multiplets, the N = 2 gauge part of the lagrangian can be evaluated independently of the chiral multiplets. Combined with the results in the literature, the localization leads to full evaluation of the partition function.
The rest of the paper is organized as follows. In section 2, we start with the N = 1 action that becomes the "on-shell" N = 4 action once the auxiliary fields are integrated out. Localization procedure is carried out with a localization action chosen as (4) . We note that the N 2 -scaling arises due to the mismatch between the bosonic and fermionic degrees of freedom of the localization action. This mismatch should originate from the symmetry-breaking effect of the localization action chosen. In section 3, we note by adding an extra localization term (given in (3)) that there exists a certain range of the symmetry breaking effects associated with the localization actions. In section 4, we conclude with speculation on the degrees of freedom that are responsible for the N 2 growth of the entropy.
Localization
In one commonly used formulation of N = 4 SYM, the supersymmetry transformation of the chiral multiplet fermions involve gauge field, and this feature makes the evaluation of partition complicated. This is because the fluctuation fields couple to the instanton background, and one must perform the instanton sum at the final stage.
Pleasantly enough, this complication can largely be avoided by using the N = 4 SYM formulation that was discussed, e.g., in [11] . The key point is that the susy transformations of the N = 1 chiral multiplets act within themselves in that formulation, and in particular do not involve the gauge fields in the N = 1 vector multiplet.
Below we will show that the localization of the N = 2 hyper supermultiplet leads to decoupling between the N = 2 vector multiplet and hyper multiplet. This implies that the vector multiplet part of the partition function can be evaluated separately, and one can again rely on localization technique for this evaluation. The evaluation consists of two parts: "classical" part and quadratic part around the instanton configurations.
The quadratic part was already evaluated through index theorem. See, e.g., [12] , [13] and [14] for reviews. In particular, the setup of [14] can be viewed as part of the aforementioned localization procedure as we will discuss shortly.
Let us consider the following N = 1 action
where (A, B, C) are the adjoint indices and C ABC is the structure constant. The (L, R) indices denote, for example,
The action (1) -which has N = 1 susy as it stands -becomes the N = 4 action once the field equations of the auxiliary fields F ′ 's, D are substituted. We proceed with (1) for now, and come back to the N = 4 aspect later.
The two N = 1 chiral multiplets in the N = 2 hypermultiplet are on an equal footing in terms of the N = 1 description (this is also true for the N = 1 chiral multiplet in the N = 2 vector multiplet), and we illustrate the procedure with (φ, ψ, F ). We consider the following localization action for φ, ψ, F ,
Q is a susy generator that includes a susy parameter, ǫ. One of the necessary steps is finding the extremum configuration; we choose a trivial configuration in which all the fields vanish. The localization of the N = 2 vector multiplet part decouples now. [14] that the one-loop partition function of the system is trivial. Therefore, the remaining evaluation is the "classical" part summed over instanton contributions. This part was considered in [15] , and shown to yield a trivial result. One subtlety is that the action (1) has only N = 1 supersymmetry due to the presence of the auxiliary fields. We will address this issue shortly.
Let us now continue with the localization of the N = 2 adjoint hypermultiplet. The first localization term (4) can be written
2 One may also add an addition localization term
where c is an arbitrary constant. The value of the coefficient c should be associated with certain phases of the theory. We will focus on (4) for now with further analysis of (3) later.
The supersymmetry transformations of the chiral multiplet are
Note that the term in the square bracket in (5) is the same as δψ AL except for ǫ R → ǫ L .
This choice brings certain redistribution of the degrees of freedom mentioned in the introduction, and is a crucial step in our localization procedure.
It is straightforward to show that the first term of (5) yields
which, in turn, implies
The fermionic part of (5), 
where (α, β) are the spinor indices. Two terms among the five resulting terms trivially vanish due to
= 0, and another term vanishes due to
an identity that can be proven by using the grassmannian nature of the spinors and (anti-)symmetry properties of the gamma matrices. Combining the results so far, the fermionic part of (5) leads to
To derive this, we have used
We have chosen zero vevs for all the fields as mentioned previously. Combining the results so far, one obtains the following localization action for one of the chiral multiplets:
Let us now compute the "free energy" of the system (14) from which the "entropy"
can be determined. We consider zero temperature as in [5] . 3 The quantity that we are after is basically the exponent of the partition function. The meaning of "free energy" is an analogue of the energy functional as discussed in [19] , an analogue of the Helmholtz free energy of the Euclidean SYM. The path-integral now consists of two parts: classical and quadratic (14) . Since the extremum configuration is such that all the fields vanish, there is no distinction between the N = 1 action and the N = 4 action as far as the classical sector is concerned. The presence of the auxiliary fields affects the computation of the quadratic sector 4 in a minor way, as we will see below.
Let us consider the analogous issue in the vector multiplet part before we get to the explicit computation of the chiral sector. The action used in [14] was without the vector multiplet auxiliary field D. Suppose one uses the action with the auxiliary field.
The path-integral would again consist of the classical part and the quadratic part. As mentioned above, the localization action is identical to the original action (one keeps only the quadratic part later, of course). It is rather obvious from the structure of (1) and the decoupling of the chiral sector that the presence of the auxiliary field only trivially affects the evaluation of the path-integral.
3 Works that employed the Feynman diagrammatic techniques of computing the free energy at finite temperature can be found, e.g., in [16, 17, 18] . 4 Since the quadratic part was obtained only by using the N = 1 susy transformation rules, we expect that it would take the same form in the complete off-shell N = 4 formulation.
The result so far can be summarized as follows: The extremizing configurations for the chiral multiplets in the hyper multiplet are such that < φ >= φ 0 , ψ = 0. We consider the symmetric phase without scalar vevs, φ 0 = 0; in this sector, the N = 2 gauge multiplet part of the action decouples from the hyper multiplet part of the action.
The vector multiplet part yields a trivial result, and the remaining task is to evaluate (14) .
Compared with the standard form of the fermionic kinetic term, the projection
is present in (14) . This indicates that half of the fermionic degrees of freedom are removed by the projection operator. Therefore a mismatch between the bosonic and fermionic degrees of freedom has arisen, and this disparity should be responsible for the N 2 entropy. (Otherwise one would get a slower scaling such as ln N [8] .) The N 2 -scaling trivially follows from the fact that these fields are in the adjoint representation: when the two adjoint indices are contracted they yield N 2 − 1 factor to which we now turn.
To compare with the case featuring the standard fermionic term, let us first compute the partition function of the standard free system,
The partition function should be regulated. We put the system in a 4D box and choose a regularization in which one of the spatial directions is made periodic with periodicity L. The 4D volume is taken to be V 4 = L 4 . A discrete sum is carried out for the selected direction and dimensional regularization is employed for the remaining three dimensions after going to a continuum limit.
Two cautionary remarks are in order. Firstly, although this is reminiscent of finite temperature field theory, we are considering zero temperature as stated in the previous footnote. In particular, we impose periodic boundary conditions for the fermionic fields as well. The selected direction need not be the time: one can choose any of the three spatial directions to impose the periodic boundary conditions (,and indeed we have chosen one of the spatial direction as stated above). We take this regularization for a heuristic purpose; one would have to take other regularizations to be more rigorous. For example, one may consider putting the system on a sphere. (As well-known, however, SYM on a curved manifold has conformal anomaly in general. This issue has not been properly addressed in the works of related literature that employ a sphere background.)
One would still find the N 2 behavior, although the overall numerical coefficient would be different. Secondly, the reason for selecting out one of the dimensions (time or any other dimension) is as follows. It would be more desirable to use dimensional regularization from the beginning (i.e., without any L-regulator) if one were dealing with a massive theory. (As a matter of fact, dimensional regularization was used in [5] in which effective mass terms were present.) Dimensional regularization is awkward when one deals with a vacuum bubble diagram (such as the partition function we are considering in this work) in a massless theory. It is because the following integral is taken to vanish:
where ω is any number. Therefore, one-loop energy will vanish for any theory that has a propagator of the form 1 k 2 . For a supersymmetric theory, this implies that one-loop energy vanishes because the bosonic and fermionic contributions separately vanish. This is an undesirable feature since it obscures the cancelation among the bosonic and fermionic contributions that other regularization schemes would display.
For this reason, we discretize the momentum associated with one of the selected spatial dimension, and use dimensional regularization for the remaining dimensions.
More specifically, consider adding a localizing term QS L
where V 4 denotes the volume of the 4D box. S is the SYM action and S L is the total localization action,
where · · · denotes the vector part. The first term can be found in the left-hand side of (5), and we will continue to be implicit about the vector part since it has been already taken care of. Φ is a collective symbol for the fields; t is a localization parameter. The quantity that we have been referring to as the "free energy" is A, the analogue of the Helmholtz free energy. The "entropy" per unit volume, s, is then defined by
The path integral of (15) yields the following partition function
where irrelevant factors have been suppressed and the factor V 4 /L has appeared while taking the trace (see, e.g., ch. 16 of [11] ). (The factor 1/L appeared while converting the integral over the selected spatial to the sum.) The factor 2 comes from the fact that there are three chiral multiplets and the factor 1/2 in the fermionic part is due to the fact that the fermion is of Mayorana type. Let us evaluate the exponents; the bosonic one is
Let us turn to the fermionic exponent; define
Taking the 1/L-derivative yields
where '⇒' indicates the Euclideanization mentioned previously. This cancels the bosonic contribution exactly as it should due to the supersymmetry.
Let us turn to the evaluation of (14) . It is essentially the difference in the structures of (14) and (15) that leads to non-vanishing entropy in the case of (14) . Let us consider the path-integral over φ by using
The factor that contains the auxiliary field F A is
Due to the following identity [11] (ǭγ µ γ 5 ǫ)(ǭγ
the path-integral over F only produces an irrelevant (i.e., momentum independent)
factor. Therefore, one may effectively consider
instead of (14) . One gets similar expressions for the bosonic and fermionic contributions such as those that belong to (15) (with differences only in the overall numerical coefficients), and can explicitly evaluate the expressions that have appeared above. For
where we have used a formal identity, Γ(−1/2) = −2Γ(1/2), which should be viewed as part of the regularization. The equality follows from the combined use of dimensional regularization (or regularization by dimensional reduction) and zeta function regularization. 7 "ζ" denotes the Riemann zeta function, and we have used ζ(−3) = 1 120
. It follows from (29)
Similarly, one can show
From these results, one finds
which, in turn, implies that the entropy per unit volume is
It would be interesting to repeat the computation by adopting a different regularization, and obtain the numerical coefficient that one would get in place of
.
Localization actions and symmetry breaking
Let us explore the symmetry breaking patterns further by adding (3):
where c is an arbitrary constant that will be associated with the breaking patterns.
Following the steps analogous to the ones in the previous section, one can show that 7 ζ-function regularization requires more care to be compatible with gauge invariance [20] . We put this issue aside, since, for any reasonable regularization, the difference in the structures of (15) and (28) should be responsible for the non-vanishing entropy of (28), as stated above. Other regularizations should be possible; for example, one may put the system on a sphere. (See, e.g., [21] .) One would still find the N 2 behavior although the overall numerical coefficient would be different. As well-known, however, SYM on a curved manifold has conformal anomaly in general. As far as we can tell, this issue has not been properly addressed in the works that employ a sphere background.
the bosonic part of the second term in (4) yields
where we have omitted the irrelevant F -terms. Now one can carry out the pathintegral; obviously the coefficient of N 2 would contain the coefficient c. Although the precise physical meaning of the coefficient c will require more work, we believe that it is likely to be a non-perturbative analogue of the scalar vevs. 
Conclusion
On account of cancellation between the bosonic and fermionic degrees of freedom, it is puzzling to some extent that N = 4 SYM -a theory with a large amount of supersymmetry -has led to N 2 entropy. Furthermore, the subleading terms in N do not exist in our result. We believe that the arrival of the N 2 entropy should be attributed to a supersymmetry breaking effect that the localization technique has brought through the redistribution of degrees of freedom that we discussed on in the introduction. Recall that, in localization technique, it is the supersymmetry of the localization lagrangian that is relevant for the purpose, rather than that of the original lagrangian. Obviously, the localization lagrangian has much less supersymmetry than the original lagrangian. Genuine finite temperature effects and/or the dielectric effect (as discussed in [5] ) are likely to induce subleading contributions in N.
Finally we comment on the degrees of freedom that should be responsible for the entropy. It is likely to be the goldstino multiplet of the SYM counterparts of the supergravity 1 16 -BPS states that are behind the N 2 behavior. Some discussions on 1 16 -BPS states can be found in [22] and [23] . We leave the better understanding of this 8 The special case of c = 1 leads to vanishing entropy. In this sense, c = 1 may be associated with a more symmetric phase of the theory. Possibly, a maximization procedure over c may be necessary.
(The issue of the cohomological vacuum choice and the corresponding gauge-fixing should be examined to better understand the origin of the c-dependence.)
issue and the issue of symmetry breaking patterns discussed in section 3 for future endeavors.
Appendix A: conventions and useful formulas
We summarize the conventions and some of the useful identities. The susy transformations of the chiral multplet are given by
and
The 'bar' on a spinor such ass is defined bȳ where C is the charge conjugation matrix, and it satisfies C ≡ γ 2 β = −ǫγ 5 , C −1 = ǫγ 5 (A.7)
